This article presents a method of a cutting force prediction in the case of a ball-end milling. We have proposed a geometrical description of a generic tool so as to simulate the 3 axis milling operation with a hemispherical ball-end cutter. This tool is decomposed into elementary discs; a mechanical approach of the cut is applied onto each disc to obtain the cutting forces from the machined material behaviour and from the cutting conditions. The model, thus obtained, will be afterward generalised in the case of an inclined or circular surface. This generalisation is carried out by adopting, at each time, an adequate reference change, dependent on the trajectory inclination angle. For application, we will consider the milling of a complex part. In fact, the synthesized cut model will be applied to the different types of surfaces which constitute this workpiece; and this will be executed according to the two machining senses: longitudinal and transversal.
INTRODUCTION
The ball end milling is the most frequent in the machining of mechanical work pieces with complex surfaces [1, 2] . The machining of these work pieces presents several difficulties such as the complex geometry of certain parts, very hard materials or the great precision… This latter is a determining factor which has an influence upon the milling operation performances. Another factor, which is not less important, is the tool life.
In order to improve the ball-end milling performance, several researches got interested in the study and in the modeling of the cutting forces.
Fontaine & al. [3] [4] [5] present a thermo-mechanical model which takes into account the friction on the rake face and on the relief face, so as to obtain a thermic modeling of the cutting zone. Yang [6] and Lee & Altintas [7] estimate the cutting forces from the machining parameters, from the workpiece, from the tool material, and from the geometry of this latter [2, 6, 7] .
The prevision of these forces allows, then, to optimize the process [8] and consequently to improve the reliability, the precision and the productivity.
In this work, we will be focused on the cutting forces modeling. In this way, the first part is devoted to the geometrical study of the cutting tool, so that we could determine, in a second part, the corresponding cutting forces.
Afterwards, we are going to transform the cutting forces model, in order to generalize it to the complex surfaces case. In fact, we will present the model in the case of an inclined and circular surface. These models will be applied in the case of a complex part milling. To be able to carry out the milling of this work piece, we will present the simulated force for the different types of surfaces, which make up the workpiece, such as the inclined upward/downward surfaces and the convex/concave surfaces… Smaoui, Bouaziz, Zghal: Simulation of Cutting Forces for Complex Surfaces in Ball-End ... Besides, the milling will be achieved according to the two senses: lengthwise and widthwise. This work will end with a conclusion and some perspectives.
CUTTING TOOL MODEL
The geometry of a ball-end cutter can be decomposed into two parts: a cylindrical part with a constant helix angle i 0 , and a spherical part of a same radius R, the modeling of which will be given in details further on.
In order to modelize the cutting forces, it is essential to know the geometry of the spherical part. This latter will be discretized into a series of elementary discs. Let's take the case of a point P of a disc, whose radius R(z) belongs to the z coordinate of the cutting edge in a cartesian coordinate system ℜ C (O, X, Y, Z), as shown in the following figure. The local radius R(z) of the elementary disc or of each circumference can be given in the following form:
The radius R(z) is the local radius of the elementary disc in the plan X-Y which respects the following relation:
where η is the angular position following the Z-axis, starting from the C centre of the hemisphericalpart towards the infinitesimal cutting edge.
For the same value of z, there is an element decomposed for each tooth. In order to define the position of each of them, we define the angle φ p which is the angle between the two consecutive teeth:
with N f the number of teeth. If we decompose the angle φ p into N θ increments, each of these increments is represented by the index j (j = 1, 2, …, N θ ). So, the angular position of the considered cutting edge is given by:
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The cutting edges, engaged in the material at an axial depth of cut A d , are decomposed into N z elementary cutting edges, which are supposed to be linear, according to an axial discretization increment dz, where each of which bears the index i (i = 1, 2, …, N z ), see Fig. 2 . The point P, on the cutting edge k, is found to be in an axial position i, and in a β(i, j, k) angular position around the axis, measured from the axis Y (Fig. 3) . It is defined by:
In the Cartesian coordinate system ℜ C (O, X, Y, Z), the coordinate z of the elementary disc centre, following the direction of the tool Z-axis, is:
The chip thickness denoted h b is obtained by the equation of Martelotti, modified [9] , taking into account the angular radial and axial position, shown in Fig. 4 :
where is the feeding per tooth. The general equation of the uncut chip thickness is then:
CUTTING FORCES MODEL
For an elementary cutting edge, we introduce a spherical coordinate system ℜ S , having as origin the spherical part centre C and the unitary local vectors ( A , T , R r r r ) which follow respectively the radial direction, the decreasing β direction and the increasing η direction.
Three components with an infinitesimal force are locally defined at a point P of the cutting edge K (K = 1 … N f ). These three components F R , F T and F A are defined in the local coordinate system ℜ S , according to the following figure. Figure 5 : Cutting forces applied to the tool.
The equations of the elementary radial, tangential and axial cutting forces [10] , represented in Fig. 5 , are:
where K R is the specific radial coefficient, K T is the specific tangential coefficient and K A the specific axial coefficient.
In order to determine the chip surface on an infinitesimal cutting edge and in the case of a ball-end milling cutter, the height of the cutting edge discretized part has been considered similar to the axial thickness of the elementary disc dz. The thickness db can be determined according to the position of this cutting edge.
By inserting the equation (11) into (10), then we obtain:
The equation generalized for the elementary radial, tangential and axial cutting forces is given by:
These cutting forces can also be calculated according to the elementary forces expressed in the Cartesian coordinate system ℜ C such as: 
We put the matrix of the passage from
The cutting forces defined in the Cartesian coordinate system ℜ C are, therefore, expressed by:
Such as: The elementary cutting forces for the totality of N f teeth [11] , [12] :
The elementary cutting forces for the totality can be expressed according to the specific coefficients K R , K T and K A as follows:
The total cutting force for the j position is:
SIMULATIONS AND RESULTS

The case of a flat surface
The model we have presented is applied to the case of a flat surface milling with a ball end tool. The tool used is of a radius R = 10 mm, having two teeth (N f = 2) and of an helix angle i 0 = 10°. This tool fits into the workpiece with a feed of a value f zb = 0.1 mm/tooth, a radial depth A r = 2 . R = 20 mm and axial depth A d = 1 mm according to Fig. 6 . Fig. 7 shows the evolution of the cutting forces in the Cartesian coordinate system ℜ C . This tool carries out the machining with a tool path along X-axis. In this case, the tool engagement angle in the material, β is located between 0 and π. We note that each of the components is periodic, of a period 2π / N f . The cutting forces appear since the very beginning of the tool rotation, counted from the Y-axis. They disappear after one angle rotation π where the contact disappears between the first tooth and the material. At this moment the second tooth fits into the matter and we obtain a configuration similar to that of the first period. 
Case of an inclined surface
The same model is applied to the case of the milling of an α angle inclined surface, according to the axis-X and of ψ angle according to the axis-Y (see Fig. 8 ). The point P is then defined in the coordinate system ℜ 2 by : 
with φ'=π/2 -η'. With this change of coordinate system, the milling in the case of an inclined surface can be assimilated to the milling of a plane surface in the coordinate system ℜ 2 . Fig. 10 shows the cutting forces evolution for different values of α and for ψ=0. Fig. 11 presents the evolution of the cutting efforts for different values of ψ and for α =0.
Case of a circular surface
If we consider the milling of a convex or concave circular surface with a curvature radius R c [5, 6] , then, the same principle will be applied to the inclined surface model, with an inclination angle which varies with each increment (Fig. 12 ). 
Application
We would like to carry out the milling of a complex workpiece with a length L= 500 mm and a width l= 100 mm, as indicated in Fig. 13 . The surface to be machined comprises a flat part 50 mm in length, a second inclined upward part 100 mm in length and with an inclination angle α 1 = 30°, a third part -circular and concave-with a curvature radius R c1 = 50 mm, a fourth convex part with a curvature radius R c2 = 50 mm, a fifth part, inclined upward, 100 mm in length and with an inclination angle α 1 = 30.11° and finally, a sixth part which is flat, 50 mm in length. The tool used here is the same as the one used in the case of a flat surface milling in the same cutting conditions.
Further to the conception of the workpiece to be realised with Mastercam, we could obtain the tool end trajectory. The whole of the coordinates of the points making up this trajectory have been transferred towards Matlab (Fig. 14) so as to make it possible to calculate and draw the corresponding cutting forces.
• Longitudinal milling
The longitudinal milling of the workpiece to be machined is carried out, following the X-axis. Fig. 14 illustrates the tool end trajectory obtained from the coordinates of the points transferred from Mastercam. The cutting forces are calculated according to the nature of the trajectory part to be machined (flat, inclined…) and following the machining direction (following X or -X). Fig. 15 shows the cutting forces evolution, following the tool end trajectory. This trajectory is of the Zig-Zag type, since the tool carries out several go-and-backs following X and -X, which respectively correspond to an upward cut and a downward cut. The cutting forces are drawn in black for the X machining, and in gray for the -X machining. The F x and F y components are represented when multiplied by a coefficient equal to 0.1. This figure shows, also, that the inclination angle α exerts an influence upon the amplitude of the maximum force F x and F z , since this amplitude is minimum for an angle tending towards 0, and it increases as α increases in absolute value.
Moreover, the maximum cutting force results F y and F z are almost confused for α= 0° in both machining directions: in upward and downward cut, whereas, |F xmax | presents a gap in the case of a flat surface. This gap is justified by the fact that the helix inclined form influences the force sign during the insertion of the tool into the material as shown in Figs. 16 and 17.
Figs. 16 and 17 show a flat surface machining and the corresponding cutting forces in upward and in downward cut. For a fixed coordinate system, the component F y changes its sign, but keeps the same amplitude. F z is negative for the two machining signs with the same intensity. However, the component F x is negative for an upward cut machining, and it presents two parts, one positive and the other negative, at the moment of the downward machining. This positive part influences |F xmax | which decreases for this machining direction.
• Transversal milling
The transversal milling of the part to be machined is carried out following the axis Y. Fig. 18 represents the tool tip trajectory, obtained from the transferred points coordinates from Mastercam. Fig. 19 shows the cutting forces evolution, following the tool tip trajectory. This trajectory is of the Zig-Zag type, since the tool carries out several go and backs, following Y and -Y. The cutting forces are drawn in black for the machining following Y, and in gray for the direction -Y. The components F x and F y are represented when they are multiplied by a coefficient equal to 0.1. Moreover, this figure shows that the inclination angle α influences the maximum forces amplitude since this amplitude is maximum for an angle tending towards 0, and it decreases as α increases in absolute value. Moreover, the maximum cutting force results F x and F z are almost confused for α=0° in both directions of the machining (in upward and downward cut), whereas, |F ymax | presents a gap in the case of a flat surface. This gap is justified by the fact that the helix inclined form influences the force sign, during the insertion of the tool into the material.
CONCLUSION
In this work, we have proposed a method for modelling and calculating the cutting forces in the case of a hemispherical milling. This method is based on the cutting tool geometrical study.
In fact, the tool spherical part has been discretized in a series of elementary discs, in concordance with the chosen depth of cut. The elementary cutting forces are then calculated. A summation has allowed determining the total cutting force. This cutting forces model has been applied in the case of a flat surface. This same model has been used, first of all, in the case of an inclined surface by adopting a reference change which is dependent on the inclination angle. Afterwards, a generalization has been carried out, in the case of a circular surface, by using reference changes according to the inclination angle which varies at each increment all along the trajectory.
For application, we have taken the case of a complex part milling: we have applied the cutting force model, taking into account the nature of the trajectory to be used as well as and the machining sense.
The cutting force model, presented here, is consequently applicable to any type of surface: (plane, inclined, circular). Besides, this model is also valid for a transversal and longitudinal milling. It also takes into consideration the geometrical parameters of the cutting tool used, as well as the machining parameters, such as the axial and radial depth of pass.
Following this study, we consider as perspective to foresee a compensation to correct the trajectory deviation due to the cutting tool deflexion.
